In this paper we establish Strichartz type estimates associated with a class of semigroup operators in R n , which for n = 2 correspond to some 2D water wave models. We also establish a nonlinear scattering result for solutions of the generalized Benney-Luke equation for higher order nonlinearity and small data initial in the energy space.
Introduction
The formulation of some phenomena in nonlinear optics, fluid dynamics, nuclear physics, plasma physics, biosciences and several other areas can be reduced in some cases to studying nonlinear evolution equations in mathematical physics and applied mathematics, among other. For these nonlinear evolution models, it is very important to determine existence and uniqueness of solution, and the existence of special solutions as travelling waves solutions (periodic and solitary waves). For instance, solitary waves are important in the study of dynamics of wave propagation in many applied models such as fluid dynamics, optics, acoustics, oceanography, and weather forecasting. As it is well known now, an important application is the use of optical solitons (solitary waves of finite energy) in fibers as an efficient (reliable and fast) means of long-distance communication ( [1] , [4] , [6] , [7] , [13] , [14] , [15] , [18] , [23] ).
Since the works by I. Segal ([21] ) and R. Strichartz ([24] ) related with the study of the Cauchy problem for some nonlinear wave models and diverse space-time estimates for solutions of homogeneous and nonhomogeneous problems, there has been a huge number of papers using Strichartz type estimates for the study of different PDE's in the framework of some function spaces (Sobolev spaces, Besov space, L p spaces, distributional spaces, for example) to establish well-posedness and scattering properties.
In this paper we are interested in obtaining Strichartz type estimates in R n associated with some special semigroups which are related with water waves models for n = 2, as the wave equation, the generalized Benney-Luke equation and some Boussinesq type models (see [13] , [15] ). In particular, for the generalized Benney-Luke model with a nonlinearity of order m large enough, we establish nonlinear scattering for small data in the energy space to get the asymptotic behavior of global solutions as t → ±∞.
Models considered in this paper are related with the evolution of long water waves with small amplitude of an irrotational, three-dimensional flow of an inviscid, incompressible fluid which at rest occupies the region (x, y) ∈ R 2 and 0 < z < h 0 . It is known that this type of models can be described as an approximation of the full water wave problem imposing some restrictions on the parameters that affect the propagation of gravity water waves as the nonlinearity (amplitude parameter ε), the dispersion (long-wave parameter µ) and the horizontal spreading. In these models, the variable η(x, y,t) represents the free surface elevation and the variable Φ represents essentially the velocity potential at the bottom, after the approximation process using Taylor expansion on the variable z (see [2] , [3] , [9] , [10] , [11] , [13] , [14] , [15] , [16] ). This paper is organized as follows. In section 2, we include some preliminaries. In section 3, we establish Strichartz estimates for a general class of semigroups defined in R n . As for many models, the Strichartz estimates are obtained by combining the Littlewood-Paley dyadic decomposition, the Riesz-Thorin Interpolation Theorem, the Hardy-Littlewood-Sobolev Inequality and duality arguments. In section 4, we verify the hypotheses to have the Strichartz estimates for the semigroup associated with some water wave models as the wave equation, the generalized Benney-Luke equation and some Boussinesq-Benney-Luke type systems. In section 5, we prove a nonlinear scattering result for the generalized Benney-Luke equation and analyze the asymptotic behavior of global solutions for this model as t → ±∞.
Preliminaries.
We will use the following notation, L p (R n ), 1 ≤ p ≤ ∞, denote the usual Lebesgue space with the norma
, s ∈ R is defined as the closure of Schwartz space S(R n ) with respect to the norm given by
where the Fourier transform of a function w defined on R n is given by
The homogeneous Sobolev spaceḢ s,p (R n ) is defined as the closure of Schwartz space S(R n ) with respect to the norm
.
Especially we write
with respect to the norm given by
We also adopt the notation
with the obvious modification when q = ∞. Hereafter C denotes a generic constant whose value may change from instance to instance. The following lemma will be frequently used.
Lemma 1.
Let s, r ∈ R and 1 ≤ p < ∞. Then we have that
Littlewood-Paley decomposition
The main tool used to obtain Strichartz estimates for many models is the Littlewood-Paley dyadic decomposition, which are defined in the following standard way. Let χ ∈ C ∞ 0 (R n ) be a radial cut-off function such that 0 ≤ χ ≤ 1 and
is a radial function supported away from zero such that for any ξ ∈ R 2 \ {0},
. Moreover, we see that
and also that if | j − k| ≥ 2 then
We remember that {∆ j f } j is called the Littlewood-Paley decomposition of f . We will use the coming important result.
Lemma 2. Let s ∈ R, then holds the following statements.
Also, we will use the following version of Bernstein's Lemma.
Then for every s
≥ 0 there exist C = C p,n,s > 0 such that f Ḣs,p (R n ) ≤ C2 js f L p (R n ) .
Strichartz estimates for a class of semigroups
In this section we establish Strichartz type estimates in the case of semigroup S(t) that are linear combination of operators S k (t) of the form
where 1 ≤ k ≤ 3 and
If ρ = ±1 and Λ 1 = 1, we have that semigroup S ± 1 (t) is associated with the wave equation in R n . We will see in section 4 that the semigroup associated with some twodimensional water wave type models have exactly the form S k defined for (3) in R 2 .
We are interested in deriving some Strichartz estimates for general semigroups, as possible. So, hereafter we will assume that ρ : R → R is a C n (R) function. For j ∈ Z, we define functions ρ j and h j by
We will assume that the function ρ satisfies the condition:
Note that for the wave equation, we have that ρ = ±1, meaning that the hypothesis [H] is trivial. We will see that conditions on ρ and ϕ k are verified explicitly for some Boussinesq type models in section 4 for n = 2, which corresponds to the physical problem. The technical condition [H] on the function ρ appears when we try to truncate the semigroup Fourier symbol S k (t) appropriately, as done for the water wave equation.
Local estimates
We obtain some Strichartz estimates by performing a slight modification of the Strichartz estimates used for wave equation (see [8] , [20] , [24] ). As in the mention works, we use a very well known result related with the pointwise estimate for the Fourier transform restricted to the (n − 1)-sphere (see T. Wolff, [25] ), in order to obtain estimates for some operators. 
then we have that
In order to define the truncated operator, we choose a radial cutoff function β ∈ C +∞ 0 (R n ) supported away from zero. So, if j ∈ Z define the operator T j , for (x,t) ∈ R n+1 , as
where
The following results describes some estimates of the family of operators
Moreover, if n ≥ 2 and ρ satisfies [H], then
Proof. Let g(ξ ) = e it|ξ |ρ(2 j |ξ |) β (ξ ). Using Plancherel Theorem we have that
as claimed in the first inequality. Now we will show the second estimate. First assume that |t| ≤ 1. Then using Young's inequality we find that
Now, we consider the case |t| > 1. We will prove that there exist C > 0 such that for all j ∈ Z,
Recall that β is assumed to be radial and supported away from zero. Using polar coordinates ξ = rω we have that
where a is a smooth function such that supp a ⊂ {r ∈ R : 0 < r 1 ≤ |r| ≤ r 2 }. Now, let c 0 > 0 such that |h j (r)| ≥ c 0 for all j ∈ Z (see (5)). We consider two cases.
Case 1.
Suppose c 0 |t| < 2|x|. Using estimate (6) in Lemma 4, we have that
Case 2. Suppose c 0 |t| ≥ 2|x|. From the integration by parts formula we see that
If |ω| = 1, we obtain that 1 2 th j (r) ≤ th j (r) − |x| ≤ |th j (r) + x · ω|.
Then, using previous inequality and condition [H] for n = 2, we concluded that there is C > 0 (independent of j) such that
Applying the same argument of integration by parts as before, it follows that
Then, using inequality (8) and condition [H] for n = 3, we obtain that
If we continue using the integration by part argument and condition [H], we have after the n − 1 step that
where the sum is finite and each term f k is the product of n − 1 functions in the set
In other words,
Then we see that (7) follows by combining case 1. and case 2.
Lemma 6. Let n ≥ 2 and assume that ρ satisfies
Proof. Using the Riesz-Thorin Interpolation Theorem and previous lemma we obtain that
is a bounded linear operator and there is a positive constant C (independent of j) such that
as desired. Hereafter we will assume, unless otherwise stated, that 2 ≤ p < ∞, 2 ≤ q ≤ ∞ and n ≥ 2 satisfy the relation
We will say that the couple (p, q) is an admissible pair if satisfies (9) for a fixed n ≥ 2. The following notation also is used,
where C = C p,n is a constant that depends only on p and n.
Proof. First we will show (10) . Using the Minkowski integral inequality and previous proposition we have that
From the Hardy-Littlewood-Sobolev inequality we obtain (10) with
This implies that
Hence, using (10) we find that
which implies (11) . To finish the proof we see that a duality argument implies that
So that (12) follows, as desired.
Global estimates
Now, using the local estimates, we are position to obtain Strichartz estimates for the semigroups S k (k = 1, 2, 3), given by the equation (3) with ϕ k ∈ L ∞ (R n ) and the function ρ : R → R satisfying the condition [H]. Our argument is based on the Littlewood-Paley dyadic ecomposition, the estimate (12) and Lemma 6. 
Proof. First we consider the operator U(t) defined in Fourier space by
and use the Littlewood-Paley decomposition {∆ j f } given by
where β ∈ C ∞ 0 (R n ) is a radial function supported away from zero. Then we have that f = ∑ j∈Z ∆ j f . Moreover,
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Using this fact and inequality (12) for 2 < p < ∞ and
we find that
By orthogonality property (2), for fixed j we have that
q we see from (14) and Bernstein's Lemma that
Hence, using Lemma 2 and previous inequality we find that
we set g 1 (ξ ) = ϕ 1 (ξ ) f (ξ ). Then using (15) we have that
Recall that (14) holds for 2 < p < ∞. We notice that if
In this case for all t ∈ R we see that
we obtain the statements 2) and 3) of theorem.
Proof. Let s ∈ R and define g(ξ ) = |ξ | s f (ξ ), then using Theorem 1 we have that
We use the obvious modification when q = ∞. Similarly follows 2) and 3).
Proof. For the proof of 1) it is suffices to show that
Using the same notation as in the proof of Theorem 1 we have that
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. Then using Lemma 6 for 2 < p < ∞ we find that
From this inequality and proceeding as in the proof of Theorem 1 the result follows.
Strichartz estimates for some water wave models

The generalized Benney-Luke equation
In this section we establish Strichartz estimates for the semigroup associated with the two-dimensional generalized Benney-Luke (gBL) equation with (m 1 , m 2 ) = 1 and m 2 odd. J. Quintero and R. Pego in [14] showed that the evolution of three-dimensional water waves with surface tension can be reduced to studying the solution Φ(x, y,t) of the equation (16) with m = 1, where ε is the amplitude parameter, µ is the long-wave parameter and a − b = σ − 1 3 , where σ is the Bond number (associated with the surface tension). The variable Φ is the rescale nondimensional velocity potential on the bottom z = 0.
Hereafter we consider ε = µ = 1, since the parameters ε and µ can be scale from the equation by defining
Also, we will writte
We observe that the generalized Benney-Luke equation can be written as a first-order system in the variables Φ and w = Φ t ,
with A = I − a∆ , B = I − b∆ , where G and F are given by
We see that the Fourier symbol associated with the operators A and B are given by
We see directly that the linear operator M is the infinitesimal generator of a C 0 −semigroup S(t). In fact, S(t) is defined as
where we have that Proof. Since n = 2, we want to establish that .
Hence, we concluded that there exist c 0 > 0 such that for all ( j, r) ∈ Z × I, |h j (r)| ≥ c 0 .
On the other hand, we have that (1 + a4 j r 2 )(1 + b4 j r 2 ) . (1 + a4 j r 2 )(1 + b4 j r 2 ) .
Then for any ( j, r) ∈ Z × I we find that
Then we see that
So that, there exist c 1 > 0 such that |h ′ j (r)| ≤ c 1 for all ( j, r) ∈ Z × I. Hence, for c 2 = c 1 c 0 we conclude that
Next, we will state the Strichartz estimates for the semigroup S(t) associated with the system (17). 
Then the semigroup S(t) satisfies the estimates S(t)(Φ, w) L
Proof. From the previous lemma we have that ±ρ(r) satisfies the condition [H]. Moreover, the functions ρ(|ξ |), 1/ρ(|ξ |) are bounded and the functions sin (|ξ |ρ(|ξ |)t) and cos (|ξ |ρ(|ξ |)t) are linear combinations of e ±i|ξ |ρ(|ξ |)t . Then using Corollary 1 for n = 2, we have that
and also that
Then we obtain that
In a similar fashion, using Theorem 2, also we have the following estimates for the semigroup S(t).
Theorem 4. Suppose s
Now we have the following classical results for the linear wave equation in R n .
Corollary 2. Suppose n ≥ 2, s ∈ R, (p, q) an admissible pair and α
= n 2 − 2 p − 1 q . If Φ 0 ∈Ḣ s+α (R n ), w 0 ∈Ḣ s+α−1 (R n ) and Φ is a solution to the initial value problem in R n , Φ tt − ∆ Φ = 0 (18) Φ(x, 0) = Φ 0 (x), Φ t (x, 0) = w 0 (x).
Then the following estimate holds
Proof. The equation (18) can be written, in the variables u and u t = v, as the first order system,
Then the semigroup S(t) associated with the problem (19) is given by
So that, the proof follows as in Theorem 3 with a = b and ρ ≡ 1.
In a similar way we have the coming corollary.
Φ Ḣs,p (R n ) + Φ t Ḣs−1,p (R n ) ≤ C|t| −(n−1) 2 ( 1 p ′ − 1 p ) Φ 0 Ḣs+γ,p ′ (R n ) + w 0 Ḣs+γ−1,p ′ (R n ) .
A Boussinesq-Benney-Luke system
J. Quintero and A. Montes in [13] (see also [10] ) reduced the study of the evolution of long water waves with small amplitude to studying solutions (Φ(x, y,t)), η(x, y,t) of the 2D-Boussinesq-Benney-Luke system,
where ε is the amplitude parameter, µ is the long-wave parameter and σ is the Bond number (associated with the surface tension). The variable Φ is the rescale nondimensional velocity potential on the bottom z = 0, and the variable η is the rescaled free surface elevation.
We will show how Corollary 1 and Theorem 2 are used to obtain Strichartz type estimates for the Boussinesq system. We first note that operators 
Using this, we can written the Boussinesq system as
where M is a linear operator and G corresponds to the nonlinear part,
Moreover, linear operator M is the infinitesimal generator of a C 0 -semigroup S(t) defined as
where we have that
where the functions ϕ and ρ are given by
and ν = µσ .
Lemma 9. ρ satisfies the condition [H].
Proof. If ρ j (r) = ρ(2 j r), then we have that := π j .
Note that
Hence, there exist c 0 > 0 such that for all (r, j) ∈ I × Z,
On the other hand, a calculation shows that
− 4δ 4 j r 1 + δ 1 4 j r 2 + 3β ν4 2 j r 4 + δ β ν4 3 j r 6 (1 + δ 4 j r 2 ) 3 (1 + β 4 j r 2 )(1 + ν4 j r 2 ) − 4 j β r 1 + δ 1 4 j r 2 + 3β ν4 2 j r 4 + δ β ν4 3 j r 6 (1 + δ 4 j r 2 ) 2 (1 + β 4 j r 2 ) (1 + β 4 j r 2 )(1 + ν4 j r 2 ) − ν4 j r 1 + δ 1 4 j r 2 + 3β ν4 2 j r 4 + δ β ν4 3 j r 6
(1 + δ 4 j r 2 ) 2 (1 + ν4 j r 2 ) (1 + β 4 j r 2 )(1 + ν4 j r 2 ) , .
Then we find that
So, we conclude that there exist c 1 > 0 such that
Next we will state the main results of this section.
Theorem 5. Suppose s ∈ R, 2 ≤ p < ∞, 
Proof. From previous lemma we have that ±ρ satisfies the condition [H]. Now, note that ϕ and 1/ϕ are bounded functions and functions sin (|ξ |ρ(|ξ |)t) and cos (|ξ |ρ(|ξ |)t) are linear combinations of e ±i|ξ |ρ(|ξ |)t . Then using the Corollary 1 for n = 2, we have that
Hence we obtain,
In a similar fashion we have the following theorem.
A 2D Boussinesq Type System
In this section we show Strichartz type estimates for solutions of associated linear problem with the Boussinesq type system in with ε, µ, σ > 0. J. Quintero reduced the study of the evolution of long water with small amplitude to studying solutions (Φ, η) of this 2D-Boussinesq system (see [15] ). (21) is transformed into a first order system in the variables η, u, v of the form 
with A = I − λ ∆ and B = I − β ∆ . The linear operator M is the infinitesimal generator of a C 0 −semigroup S(t) given by
where e tM is defined as the matrix 
and ρ is given by ρ(r) = (1 + λ r 2 ) (1 + β r 2 ).
We notice that for
Moreover, ρ satisfies the condition [H]. In fact,
Then it is easy to see that for any interval I = [r 1 , r 2 ] ⊂ R + , there exist c 1 > 0 such that for all ( j, r) ∈ Z × I,
Now, we see that
So that, .
Then a simple calculation shows that there exist c 2 > 0 such that
In a similar fashion as for the previous models we have the following theorems. We use the notatioṅ
Theorem 7. Suppose s ∈ R, 2 ≤ p < ∞, 
Theorem 8. Suppose s ∈ R, 2 < p < ∞, 
Asymptotic behavior of solutions in the energy space of the (gBL)
In present section, for m ≥ 4 and the initial data small and belongs to a suitable Sobolev space, we study the asymptotic behavior of global solutions in the energy space of the (gBL) equation as t → ±∞, Throughout this section we use the following result concerning the global well-posedness for the generalized Benney-Luke equation in the energy space V 2 × H 1 (see J. Quintero [17] ). For this particular problem, it is known that there exists a energy functional e(t) = E(Φ, Φ t )(t) which is conserved in time on solutions Φ for the generalized Benney-Luke equation. The energy E is given by
We note that there exist 
that satisfies the initial condition
Moreover, E(Φ, Φ t )(t) = E(Φ 0 , w 0 ) for t ∈ R and we also have that the following estimate holds
In order to obtain the result which describe the asymptotic behavior of the solutions in the energy space of the (gBL) equation we will use the following lemma.
Then there exist C > 0 such that
Proof. First we note that if (Φ, w) ∈ V 2 × H 1 then we have that
Now, if (Φ, w) ∈ V 2 × H 1 then using Theorem 3 with p = 2, q = ∞, α = 0 and s = 1, 2 we have that there is C > 0 such that for all t ∈ R,
and
Thus, since L p ֒→ H 1 we have that
On the other hand, by Theorem 4 we see that
Hence, combining the previous inequalities yields the result. We will need the following result.
Lemma 11.
( [19] , [22] ) If r 1 , r 2 > 0 and max{r 1 , r 2 } > 1, then
then the corresponding solution of Cauchy problem associated with the (gBL) equation provided by Theorem (9) satisfies
Proof. Note that the smallness condition (25) promptly implies the existence global solutions in the space V 2 × H 1 . Without loss of generality we restrict ourselves to the case t > 0. Recall that if w = Φ t then the (gBL) equation can be written as the system (17) . In which case, the solution of Cauchy problem with initial condition (Φ 0 , w 0 ) is given by the expression
, then using Lemma 10 we find that
Now, using Lemma 1 and definition of B we see that
Recall that
To illustrate the type computation we consider the terms
by Hölder inequality we have that
Also we have that
In a similar way we have the same type of estimate for the other terms. Now, if for T > 0 we introduce the notation
(1 + t) β (Φ(t), w(t)) Ḣ1,p ×L p , and using inequality (24) follows that Remark. From the condition (27) we see that it suffices to take m > 2 + √ 3 in Theorem 10.
The decay in (26) allows us to study the asymptotic behavior of such global solutions in the energy space as t → ±∞. We will show under the smallness condition (25) that for the couple (Φ(t), Φ t (t)) there are associated elements (Φ + , w + ), (Φ − , w − ) such that (Φ(t), Φ t (t)) ∼ S(t)(Φ + , w + ) and (Φ(t), Φ t (t)) ∼ S(t)(Φ − , w − ),
as t → ∞ and t → −∞ respectively. More precisely we have the following theorems. Proof. The proof of this theorem is quite standard and it follows similar arguments used to other Boussinesq type models (see [5] , [12] ). Define 
S(−τ)G(Φ(τ), w(τ)) dτ
show that
S(−t)(Φ(t), w(t))
By (24) we see that (Φ(t), w(t)) V 2 ×H 1 is bounded, so S(−t)(Φ(t), w(t)) converges weakly in V 2 × H 1 , and we concluded that as t → ∞, 
S(−t)(Φ(t), w(t)) − (Φ +
,
S(−τ)G(Φ(τ), w(τ)) dτ.
